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1. INTRODUCTION

Let C(S) be the linear space of continuous real-valued functions on a set S,
and let {L,}, ., be a sequence of positive linear operators from C{s) into
C(S).

After Lorentz [8], we define L,(f) to be almost convergent to g in C(S),
uniformly in S, provided

Lip
PO == (Up) Y LA SR, pooo L2 ko102, (L)
sk 1
converges to g(x) when p — oo, uniformly in k, and uniformly in S, L,(/)(x)
being the value of L ,(f) at the point x & S.

A system { /17, of functions of C(S) is said to be a set of test functions for
almost convergence if and only if the almost convergence of L,(f;) to f;
(i := 0, 1...., m) uniformly in S implies the almost convergence of L,(/) to /.
uniformly in S, for all /e C(S).

With regards to convergence of a sequence of positive linear operators
Korovkin [6] showed that for the cases C(S) - = Cla, 8] and C(S) -= C,, . the
linear space of continuous real-valued periodic functions of period 2w,
systems of test functions are respectively, {1, x, x*} and {1, sin x, cos x}. It
was also shown by him that for C(S) — Cla, b], a necessary and sufficient
condition for {f;}7.o to be a system of test functions is that {f, , f, . f.; form
a Chebyshev system.

King and Swetits [7] have shown that the results of Korovkin with regard
to test functions hold when convergence is replaced by almost convergence,

In the present paper we shall estimate the degree of almost convergence of
L,(f) to fin terms of corresponding test functions. In the beginning of each
subsequent section we shall indicate the background against which the
problems suggested themselves.
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Since the measure of the degree of almost convergence of /.,(f) to f has to
be made in terms of a suitable norm, we define the norm below.

To each f'= C(S) we associate a double sequence {¢,'(f)} as in (1.1) through
L) Writing 1,(f)  {t,5(f) for each p, the function ¢,(f) > sup, sup,..
LM defines a norm in the sequence space generated by associating
with cach L,(f) the sequence {7,(f)} in the prescribed manner. Let us write
D) sup, sup,. s LOOx) {L()) 1s almost convergent to g < C(S).
uniformly in S, if and only if sup, sup,..¢” £,"(f/)(x) - gx) »0asp » 7
which amounts 1o the fact that "7,(f) - gl tends to zero as p tends to
infinity.

11, 1s a sequence of positive [inear operators then the following hold.

(1 foogamplies L(f) . L(g) forall £, g C(S).
() f o gimples  L(f) - L) L(g)
(iny - f 2 gimplies . 1,5 ()x) 0 1f(g) ) Tor all xS,

Let C[u, b] be the Banach space of continuous real-valued functions on
[a. b} normed by the supremum norm. Let ¢/ ¢ Cla, b] be defined by ¢/(x)
xt i 0.1 2, forall xin [a, b). {L,} is a sequence of positive linear operators
on Cla, b]. We would like to estimate ' 7,(f) -~ f' and put Theorem 3 of
King and Swetits [7] in a quantitative form. Our Theorem [ can be considered
to be an analog of Theorem 1 of Shisha and Mond [10] for almost
convergence.

THeorEM 1. Let {L,} be a sequence of positive linear operators on Cla, b)
and let < Cla, b have modulus of continuity w. Let t,*(e®)(x) be uniformly
bounded on [a. bl for each p, uniformly in k. Then for p - 1, 2.....

ot A0 ey ) e T (2.1)
where
pa® = - P x)
and

o= osup L HW) L

welea ]

If. in particular, 1,"(e")x) = |, then (2.1) reduces to

oo ih (gL ). (2.2)
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Proof. Proceeding as m Shisha and Mond [10], we have for all . x &
[¢, b] and any positive number &

A — f(x) = (1 = (1 - x 2/0%) w(0). {(2.3)

Hence using the fact that {L,} is a sequence of positive linear operators. we
have

1 IX) = F) 1)) w7, (e0)x) + (e, /8)].

Ifp, -0, choose 8 = p, and (2.1) is now easily seen. If p,, == 0, use the fact
that w(3) -> 0as 8 — 0 and (2.1) can be proved in this case too.

Remark.  We have
w2 D r(e?) — N 20 f ety — xRl et -,

where ¢ -~ max (i ai, b)) Hit(e) — x| —>0asp->wx, e, if L (¢)x)
is almost convergent to x‘, uniformly in [a, b], for i =0, 1, 2, then p, -0
and we obtain from Theorem [ that {L,(f)} is almost convergent to f,
uniformly in [a, b].

In 0. 1] the Bernstein polynomial B,(f)(x) converges to f(v) : C[0, 1]
uniformly and a fortiori is almost convergent to f, uniformly there. Since
B, (e®}x) - 1, B(e)x) - x, and B, (¢*}x) == (n — 1} ¥*/n. we have.

Bn(’ "‘ .\‘)2 (.\') o= (x — .\/2)’,”‘

Thus
N — X)) = >up slt‘l'pI | x — x% Hl/p) Zl 171)
~ (ip) sup In(l - (.D//\‘)) (k=1.2,..) o
= {In(] 4 jap (p=1,2,.).
Hence . f— t(f). << Kw(((] - p)p)* 3 (p — 1.2,..) where 7,(f) is as

before with L,,(f) replaced by B,(f) and K is an absolute positive constant
not necessarily the same at each occurrence,

Let us denote by C(X,) the set of all continuous real-valued functions on
K, . a compact subset of R”. One can modify the proof of Theorem 3 of
King and Swetits [7] in a manner similar to that of Volokov [15] in the case
of convergence of a sequence of positive linear operators on C(K,,). It can be
established that the following (# -- 2) functions are test functions for C(K,)
with regard to almost convergence

.f(]n(xl gevey ,\’“) - 1
f}”('\ﬁl """ ,\‘,,‘) =X, / = ], 2,-.., n

2 2

Af"n—}lrz.(“\‘] seees .\',,) SR CL LS S S
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Let w (8) denote the modulus of continuity of f(x, ..... x,,) € C{(K,)) where
K, 1s a compact and convex subset of R”. We have

Ww(d) max - f(v) S,

£ HeEK,
A, n)
where x == (x) ... RS0 P A () AP ) and

1.2

dix, v) ( oy, '1',-)'-’)

Vil
By a reasoning parallel to that used in the proot of Theorem | we can obtain
the following.

THrOrReM 2. Let K, be a compact and conrex subset of R and let {L,,; be
a sequence of positive linear operators on C(K,). Supposc that 1, (") is
uniformly bounded in K, . Let w (8) be the modulus of continuity of fe C(K,).
Then, for p -~ L, 2,..., we hate

ARE N TRy I Y (- W B PANIY U790 N O CC B

where
: " [
T ’;'(Z (€, N Ay N ) (2.4
i1

If. in particular, t ,"{(e*)(x) 1, then
f - //1(‘]“)‘ 2 l“(,““;z)'

In (2.4) it should be understood that L, operates on a function of &, ..... &,
and the resulting function is evaluated at a point (x, ..... x,) and that r,(f)1s
then formed according to ([.1).

3

Let {f,./,./s} be a Chebyshev system on [a, 6], i.e., no nontrivial linear
combination Y;_, a,(x) fi(x) has more than two zeros in [a, b], multiplicities
being counted. Suppose that for all x. ¢ € [a. b].

2

Flx.ry > adx) flry - K(r o+ xy:
Lo (3.1
F(x. x) 0:

where the «,(x) are bounded real functions on {a, #]. In our next result we



ALMOST CONVERGENCE 243

estimate the degree of almost convergence to f of a sequence of positive linear
operators {L,(f)} using a Chebyshev system; interalia we establish the fact
that {¢", ¢!, €%} is not the only set of test functions in Cla, b].

THEOREM 3. Let {L,} be a sequence of positive linear operators on Cla, b].
Let { f;);_, be a Chebyshev system on [a, b] such that (3.1) holds. Let w be the
modulus of continuity of [ € Cla, b]. Then

/‘ﬁ T,,(f)i e f - r”(()()) -1 ‘ N W(/"’p)‘\ tp(()o) . 1 f
where
M =7 {‘ fp(F([’ \))‘J/K}lz
1If, in particular, t,Me°)x) == 1,1 f— 1,(f) = 2w ().
This can be proved by modifying the proof of Theorem 2 of Shisha and

Mond [10] as we have done for Theorem 1.

Remark. If L,(f;) is almost convergent to f; uniformly in [a, 6], then by
using a reasoning similar to that of the Remark at the end of Section 1, it can
be concluded that g, — 0 as p — co. Hence by Theorem 3, L,(f) is almost
convergent to f, uniformly in [a, b]. This extends Theorem 3 of King and
Swetits [7].

4

Let C*a, b} be the linear space of real functions on [a, ] whose kth
derivative is continuous. This section is concerned with estimates for
S =t () when fe C'a, b] or fe C3[a, b]. Our results are given in

THEOREM 4. Let {L,} be a sequence of positive linear operators on Cla, b].
Suppose that {t,5(e®)(x)} is uniformly bounded for xela, bl,p = 1,2,..
k= 1,2..... Let f€ CMa. b] and set

w8 = sup [ f/(x) — ().

le—yi<s
Then, setting for p = 1,2,..., p, = i 1,((t — xX)D)(x)3, we have
w rp(f) _f :f: fH * ‘ tn(eo) — 1 H + lif, H ' “ tm(co)“/“'“ﬁ
+ wi(up)(1 - 1 2,(e)).

If in particular t,*(e®)(x) = 1, (4.1) reduces to

‘ tp(f) “‘f“ (i\ (Hfl‘ 2”‘1(H’1))) My (42)
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If, in addition, t (e*)(x) = x for all x € [a, b), then
1 ’T)(f) - f‘ =y zlu‘nwl(f'l'p)' (43)

THEOREM 5. Let the hypotheses of Theorem 4 hold and, in addition,
suppose f € C¥a, b); then, forp = 1, 2,...,

IR0 I AN AN ¥ () B B U () B B G A P A B

11, in addition, t J(®)(x) = 1 and t F(e")x) - x, then

' [])(f) f w3 2“112 ‘f” P.

Remark. Theorem S follows from Theorem 4 by using the fact that if
f'e C*a, b] then wy(8) =<1 f" 4.

Proof of Theorem 4. Since fe Clla, b}, by the mean value theorem, for
any x, 1 € [a, b} there exists a 8 between f and x such that

JO) — fx) =0 ) f' () (- )P — fx) (4.4)
We have after some familiar simplifications

LX) F(x) 1,1 x),
‘f'(X)§ ’ i tn]"(‘ r-- X z)('\‘)‘
O O X ) (8 e ) (4S)

Since for f, g € C'[a, b],

L,,(fg)(’() = {L,,(fz)(,\') ' Lnr( gz)(Y):] z,
we have
HR) A - Mg,

Using this in (4.5) and proceeding in a manner similar to that in the proof of
Theorem I, (4.1) can be established.

Equation (4.2) follows immediately from (4.1), while (4.3) can be seen
from the details of the proof.

Application. Let us apply Theorem 4 to obtain an estimate for the con-

verge of the Szasz-Mirdkian operator P,(f) defined for each fe C[0, o) by

PLNR) = e Y (k) fikom) e 0L ).

[
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Consider P,(f)(x) for xe[0,A,0 <A <o and feCYO, A]l. Since
P(e®)x) = 1 and P,(e")(x) == x, we have |/ — 1,(/) <= 2u, w(un,) where
My o= Lt — x)2 (X)), the L,’s being replaced by the P,’s in (1.1). Further,
on expansion of P,(f - x)? (x) = x/n we get

, hep

®,2 = sup sup v '(l/p) Y A1)

1 weloAl ek 1 :

~ (A/p) In(1 -= p).
Thus

S 601 = R = plpl2 w(({In(1 = p)ip) ).

Remark. 1t is worth pointing out that concerning convergence, Stancu
[12] has shown that if fe C1[0, A], then

sup flx) - PO = (A 4 VA e e 2).

refo.n]

5
King and Swetits [7] proved the following

THEOREM A. Let {L,} be a sequence of positive linear operators on C,, .
The sequence {L,(fXx)} is almost convergent to f(x), uniformly in [0, 27}, for
each fe C,, if and only if {L,(e%)(x)}, {L.(cos 1)(xX)}, {L,(sin t)(x)} are almost
conrergent respectively to 1, cos x, and sin x, uniformly in [0, 27].

It is natural to ask about the degree of almost convergence of {L,(f)(x)} to
f(x), uniformly in [0, 27]. Our next result answers this and is an analog of a
theorem of Shisha and Mond [11] for almost convergence.

Let K be the additive abelian group of real numbers modulo 27 on which
we define the metric d; in the manner

d(x,y)=mn{|x — v 27— x-- 1,

for x, e K(0 < x,y << 27). C(K) denotes the set of all continuous real-
valued functions defined on K. One can identify a function fe C(K) with the
corresponding continuous 27 periodic functions on (— o0, o), For fe C(K),
we define a modulus of continuity (see Censor [1])

w(8) = sup | /(x) — f(»)l (3.0)
ek
Ayl ) 8

We prove
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THEOREM 6. Let {L,} be a sequence of positive linear operators on C(K)
with {1 ,F(e®)(x)} uniformly bounded in K. With (5.0), (2.1) holds where

=t (sin®((r — x)/2)) . (3.1)

If, in particular, t F(e")(x) = |, we ger (2.2).

The proof of this theorem can be carried out by adapting the method of
Shisha and Mond [11] and Censor [1] with modification necessary for almost
convergence as in the proof of our Theorem |.

Remarks. (1) In forming {7,(sin*(z -— x)/2)} in (5.1) ¢ is the variable and x
is held fixed for each member of the sequence.

(2) Since for p 1, 2,....
w, o (w2) (el 1) sup | cos x|
re K
v cos v o= 1 (cos E)(x) -1 fsup i sin v

re K

< Usin X — f,(sin £)(x),,

the almost convergence of L,(f)(x) to f(x) when f —= ¢", cos and sin implies
that u, — 0 as p — co. Thus L, (f)(x) is almost convergent to f(x), uniformly
in K. This, in effect, yields a proof of Theorem A.

(3) Let ¥V — K™, an m-dimensional torus, be the cartesian product of
m unit circles K. Let C (K™) be the set of all continuous real functions
f(x1, Xy ..., x,,) which are periodic with period 27 ineach x; ., k == [, 2,..., m.
We define the modulus of continuity for f'e C(K™) by

w(d) = max  flx) — f(1)

ayeK”
Ao G ) o
where
‘ i ’ )] B
(lm(-\‘s _") = , Z ([/1(-\-1' Ll ,“/’))2\ s
RS |
X = {xXy ., x,band vy o= {yy Vit

1t is not difficult to generalize Theorem 6 to m-dimensions by modifying
the proof of Theorem 2 of Censor [I]. Such a result would lead to the fact
that the m - 2 test functions of Morozov [9] for convergence also serve as
test functions for almost convergence.
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6

Let ¢ be a real continuous periodic function defined on (—oc, o). For
oo 12,0, det gty By, b, be given real numbers. Consider the operators
o, over C(K) defined by

n

o APNx) = da, Y ha, cos kx - b, sin k)

Loed

where &(x) generates the Fourier series

x

(a/2) -+ Y (a, cos kx -~ by sin kx).

L5

Suppose that for each real x and for n = 1, 2,...,
b Y Ryt cos kx 22 0. (6.2)
Tr=1

After simplification, we have, for each ¢ e C(K),

T ()X = (1/7) ( (1) jl - Z I, cos k(t — 4\‘)2 dr. (6.3)
° L=1

Thus each o, is a positive linear operator with o,(e°)(x) == 1 and conse-
quently 7, 5(e*)x) = 1 fork =1,2,..,and p = 1, 2,.... Also, as

o, (SIn*((f — x)/D)(x) = (I — h,")/2,

we have
£, (sin? ((r — x)/2)(x) = 1 ( I —(1/p) Lf) /m)
noi
= Yl —m,}h),
where
my" = (1/p) Aip .
0=t

As an application of Theorem 6 we have the following
THEOREM 7. Let ¢ € C(K) have modulus of continuity w. Then

Y — 1 ()N < Du(m(sup 1 — m,k)i2).
i

where

L-p

[I’/l‘(qs) - (1//)) Z Gn(qs)-

W=l
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Remarks. (1) In view of Theorem 7, the operator o, (&) is almost con-
vergent to ¢, uniformly in K, if sup, 1 - m,* converges to 0 as p »
i.e., if the sequence {#,") is almost convergent to 1.

(2) It is interesting to note that if {A"] ={2,0,2,0,..... then {/"},
although not convergent, is almost convergent to 1. Hence, there is a sequence
of positive linear operators which is not convergent but is almost convergent.

7

Walk [13] has considered the problem of approximating functions which
are continuous on some finite interval and have some growth conditions near
infinity. Hsu [4] has considered the approximation of unbounded functions
on the real line. Wood [14] showed that the results of Hsu on convergence can
be extended to almost convergence. Eisenberg and Wood [2] have studied
the order of approximation of unbounded functions by positive linear
operators and have extended the results of Shisha and Mond [10]. and
Hsu [4]. We remark that it is possible to give analogs of the results of
Eisenberg and Wood [2] for almost convergence. In this connection we
prove the following theorem.

THEOREM 8.  Let{L,} be a sequence of positive linear operators on{ . %)
having a common domain D. Let ¢* € D (i — 0, 1. 2) and fe C(— ». =) M D.
Let L (e x) = 1. Let there exist a number p - | and a positice increasing
function Q such that 27 € D and f(r) = 0 (82)) ( t | — o0). Then on (a. b),

FACPUX) — )] = 2uuy) -+ K180y (x)P v

2 BCYEN 9

g T ) m
where
== NP
m, =min{la — x.,|b - x1),
pl=pi(p — 1)

Proof. Asin Eisenberg and Wood [2] we have. for x € [a, b]and 7 - (- - 2,
), & = 0,
s . i Lo — X i@ S ' (r - ~\‘)Z (L7 Y
ﬂmauw-WIfﬁ~Tubw)me,wxmn¢fun

rg

Since

Lo f2)X) = (L (f N2 (L, (g WDt 7
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we have by Holder's inequality,

L-tp
(Mp) Y L(fg) =, Nt 7 (2, (g ) xnt 7

e bl

and consequently

LA < (AN (1,4

Hence after some simplification

A 69 I { €9 TR (o) 1D U (/902D RIS S N P4 (P20 TR TR

p 2

27 Sy g2,
<oy ) m Ty

If 1, 0 choose 8 = u, and the result follows. If u, — 0 modify the proof
as in that of Theorem ].

Remark. If a sequence of linear operators is not positive on (— oo, 5¢) or

on [0, =) butison [0, b] (0 << b <C w0), then the results on degree of approxi-
mation true on a finite interval can be extended to the cases (— =, oc) and

[0.

&5

9.

10.

o) by a multiplier enlargement method (see [3, 4, 5]).
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